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We present a systematic approach to identify the similarities and differences between a chaotic
system with delayed feedback and two mutually delay-coupled systems. We consider the general
case in which the coupled systems are either unsynchronized or in a generally synchronized state, in
contrast to the mostly studied case of identical synchronization. We construct a new time-series for
each of the two coupling schemes, respectively, and present analytic evidence and numerical
confirmation that these two constructed time-series are statistically equivalent. From the construction,
it then follows that the distribution of time-series segments that are small compared to the overall
delay in the system is independent of the value of the delay and of the coupling scheme. By focusing
on numerical simulations of delay-coupled chaotic lasers, we present a practical example of our
findings.VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4844335]
Dynamical systems with time delay exhibit a rich variety
of different behaviors, including the possibility of high-
dimensional chaotic behavior. Although a lot of insight
has been gained on the principles of delay-coupled sys-
tems, a direct relation between the properties of a system
formed by a single nonlinear element subject to delayed
self-feedback and a system of two identical mutually
delayed-coupled elements is still lacking. Since these two
systems share a number of features, it is intriguing to
elaborate further on the mechanisms that give rise to this
similar emerging behavior. We show to which degree the
statistical properties of the chaotic attractor of a delay-
coupled system for a given parameter set are preserved
when comparing a system with a single element with self-
feedback and a system with two mutually delay-coupled
elements. By using simple construction rules, we illus-
trate how the statistical properties of the underlying
attractor are preserved. For illustration purposes, we
focus on numerical simulations of semiconductor lasers
with optical feedback as a paradigmatic example of
delay-coupled systems.
I. INTRODUCTION
Many nonlinear dynamical systems show chaotic behav-
ior for a wide range of parameters. The chaotic motion of the
system occurs around strange attractors,1–3 with a strong de-
pendence on the initial conditions. This sensitivity to the ini-
tial conditions is characterized by one or more positive
Lyapunov exponents. Low-dimensional systems have a small
number of positive exponents, and the characterization of its
attractor is relatively easy with embedding techniques.4 In
contrast, high-dimensional systems may have a large number
of positive Lyapunov exponents making the characterization
of the attractor more complicated.
Systems ruled by delay differential equations are impor-
tant examples for such high dimensional systems and have
received a lot of interest since the seminal works of Mackey
and Glass5,6 and Ikeda.7 For delay systems, the phase space
is infinite dimensional, i.e., the state of the system at a time t
is described by a function over the interval ½t s; t with s
being the delay time. Delay systems have been widely stud-
ied due to their peculiar properties as well as their impor-
tance in engineering, biology, and physics.8
Systems with delayed feedback and/or coupling are
interesting dynamical systems, because they exhibit complex
behavior despite their apparent simplicity. One approach to
better understand the complex behavior of delayed systems
is to focus on statistical aspects of the dynamics. Recently,
Van der Sande et al.9 numerically showed that the autocorre-
lation function of a single nonlinear element with delayed
self-feedback is related to the autocorrelation function of a
unidirectionally delay-coupled ring configuration with an ar-
bitrary number of elements (N) via a scaling relation in the
case of chaotic dynamics: The peak at t ¼ Ns in the autocor-
relation function of a single element with self-feedback of
delay time s is identical to the peak at t ¼ s in the autocorre-
lation function of a unidirectionally coupled ring with N ele-
ments with overall delay time s.
But how exactly are the chaotic attractors of a single
system with delayed self-feedback and of multiple systems
with delayed-coupling related?
In this work, we provide new insights to this question by
analyzing statistical properties of the chaotic attractors of a
single system with delayed self-feedback and two systems
with delayed coupling. In particular, we explain the origin of
the scaling relation found by Van der Sande et al.9 for cha-
otic dynamics of delay-coupled Ikeda oscillators and semi-
conductor lasers, and we conjecture that time-series
segments that are short compared to the overall delay have
the same probability to occur in either system. That is, the
two setups are indistinguishable when they are observed on
time-scales shorter than the delay time.a)Electronic mail: miguel@ifisc.uib-csic.es.
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We further conjecture that the evolution of such a time-
series segment through the setup has the same statistics in
both cases, i.e., the response of a laser to the segment enter-
ing as the drive is statistically identical. This leads to equiva-
lent long range correlations for the two setups in addition to
the equal short range statistics.
We test this conjecture by comparing the two configura-
tions shown in Fig. 1: a single system with self-feedback with
delay 2s (configuration I) and two systems mutually coupled
with coupling delay s (configuration II). For these two configu-
rations, we, respectively, construct new time-series by concate-
nating time-series segments of length s and show that, when
the delay is large, these constructed time-series have identical
statistical properties (not only identical correlations).
One particular consequence of this finding is that time-
series segments of length s from configuration I and configu-
ration II have identical probability distributions. That is, by
only looking at segments of length s, individually, one can-
not decide from which of the two systems they stem. Our
results are a general feature of delay systems and can be
directly extended to rings of unidirectionally delay-coupled
elements with an arbitrary number of elements.
For concrete numerical simulations, we focus on semicon-
ductor lasers with optical self-feedback as a paradigmatic
model for systems with delayed self-feedback and delay-
induced chaos.10 Over the last two decades, the study of optical
and opto-electronical systems with delay has been a central
topic of research in nonlinear science. There are two main rea-
sons for this popularity: First, theoretical findings can be put to
a test in a controllable practical environment using these
systems.11–13,15–17 Second, delayed optical and opto-electronic
systems are viable for many practical applications.18–21
II. NUMERICAL AND ANALYTICAL RESULTS
In the following, we compare the statistical properties of
a semiconductor laser with self-feedback and two delay-
coupled semiconductor lasers, as illustrated in Fig. 1. The
lasers are single mode lasers with moderate delayed feed-
back (coupling) and operate in the chaotic regime. We inves-
tigate these two systems using an extension of the widely
used Lang-Kobayashi rate equations.13 The rate equations
for the complex slowly varying amplitude of the electric field
EiðtÞ and the carrier number inside the cavity NiðtÞ for laser i
in a delay-coupled configuration are given by










where GiðtÞ ¼ gðNiðtÞ  N0Þ=ð1þ sIiðtÞÞ is the optical gain
and IiðtÞ ¼ jEiðtÞj2 is the intensity of laser i. For a single
laser with feedback i ¼ j ¼ 1 and for two mutually coupled
lasers ði; jÞ ¼ ð1; 2Þ and ði; jÞ ¼ ð2; 1Þ, respectively. The
feedback (coupling) delay time was chosen as sf ¼ 4 ns
(sc ¼ 2 ns). Parameter a ¼ 5 is the linewidth enhancement
factor, sp ¼ 2 ps is the photon lifetime, sN ¼ 2 ns is the car-
rier lifetime, g ¼ 1:5  108 ps1 is the differential gain
coefficient, N0 ¼ 1:5  108 is the carrier number at trans-
parency, s ¼ 5 107 is the gain compression coefficient,
c ¼ 20 ns1 is the feedback/coupling strength, U ¼ 0 is the
optical feedback phase, and e is the electron charge. The pa-
rameter J denotes the bias current and was chosen as
J ¼ 2Jth, where Jth¼ 14.7mA is the threshold current. For
this set of parameters, the solitary laser relaxation oscillation
(RO) period is TRO ¼ 0:17 ns. In the following, we consider
the long delay limit14 and choose a delay time of 2 ns, which
is an order of magnitude larger than TRO.
We present numerical simulations, along with analytical
arguments to sustain our conjecture. In a more general
framework, we consider a single system with delayed self-
feedback (configuration I) described by
_xðtÞ ¼ f ½xðtÞ; xðt 2sÞ: (3)
The single system with self-feedback with delay 2s defined
in Eq. (3) can be used as the generator of two different
sequences of time-series that each corresponds to a single
system with self-feedback with delay s. The definition of
two complementary time-series constructed from configura-
tion I enables a more evident comparison between configura-
tions I and II. Therefore, we define two new variables by
splitting each time interval of length 2s into two segments of
length s. We then follow the evolution of each s-piece sepa-
rately in steps of 2s. From these individual evolutions, we
define two new time-series y1 and y2, where y1ðtÞ is con-
structed by concatenating intervals ½0; s½; ½2s; 3s½;…, and
y2ðtÞ is constructed by concatenating intervals ½s; 2s½;
½3s; 4s½;… of the original variable x(t)
y1ðtÞ ¼ x tþ 2sbt=scð Þ;
y2ðtÞ ¼ x tþ sþ 2sbt=scð Þ:
Here, b•c denotes the floor function (the largest integer not
greater than the argument).
In these new variables, the dynamical equations are
given by
_yiðtÞ ¼ f ½yiðtÞ; yiðt sÞ; (4)
however, due to the continuity of the original dynamics x(t),
the dynamics of y1 and y2 are discontinuous: each of the sys-
tems yi starts a new s-interval with a new initial value yiðnsÞ
dictated by the other variable
y1ðnsÞ ¼ y2ðns 0Þ;
y2ðnsÞ ¼ y1ððnþ 1Þs 0Þ ðn ¼ 0; 1;…Þ: (5)
It is important to distinguish between the history function
and the initial value of a delay differential equation: The
FIG. 1. Scheme of a system with delayed self-feedback (configuration I) and
two systems in a mutually delay-coupled configuration (configuration II).
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history function of yi is determined from the previous s-
interval of yi; however, the initial value yiðnsÞ is modified at
the beginning of each delay interval.
Let us now address the delay coupled system (configura-
tion II)
_x1ðtÞ ¼ f ½x1ðtÞ; x2ðt sÞ;
_x2ðtÞ ¼ f ½x2ðtÞ; x1ðt sÞ:
Similar to the analysis above, we introduce new coordinates
by concatenating time-series of system 1 and 2 to form two
new variables
y1ðtÞ ¼ vAðtÞx1ðtÞ þ vBðtÞx2ðtÞ










and vA and vB are the characteristic or indicator functions of
these sets, i.e., vAðtÞ is unity if t 2 A and zero otherwise.
Note that A [ B ¼ R and A \ B ¼1. Similar to the case of
configuration I, y1ðtÞ now corresponds to following a time-
series segment of length s as it travels between system 1 and
system 2 as depicted in Fig. 2. From the illustration shown in
Fig. 2, it follows that a complementary time-series, y2ðtÞ, can
be constructed by following a time-series segment of length
s, initially generated by system 2, at ½0; s. Therefore, the
two mutually delay-coupled systems can be used to construct
two complementary chaotic trajectories of a system with
self-feedback with delay s. The instantaneous trajectories of
the two constructed variables y1ðtÞ and y2ðtÞ are not identi-
cal, but they are statistically equivalent.
For the variables constructed from the coupled system,
the dynamical equations are then given also by Eq. (4)
_yiðtÞ ¼ f ½yiðtÞ; yiðt sÞ: (6)
And, again, due to the continuity of x1 and x2, the variables
yi start with new initial values yiðnsÞ at each new delay
interval
y1ðnsÞ ¼ y2ðns 0Þ;
y2ðnsÞ ¼ y1ðns 0Þ: (7)
The only difference between configuration I and configura-
tion II in this representation is the order in which the initial
values are set between the two variables yi at each new delay
interval (compare Eqs. (5) and (7)). We now show, numeri-
cally, that this difference in boundary conditions does not
play a role for the statistical properties. That is, for a given
history on a s-interval, the probability of finding a certain
initial value in the next iteration is equal for time-series con-
structed from configurations I and II.
The independence of boundary condition is very similar
to how spatially extended chaotic systems, such as the
Belousov-Zhabotinsky reaction, behave. For these systems,
it is known that the boundary conditions, e.g., square shaped
or circular domain, become negligible for correlations and
other statistical properties when the domain is large enough.
With this analogy in mind, the numerical results and
arguments presented below can be expected. For our case,
however, the representation through different boundary con-
ditions is not obvious but only becomes apparent after the
transformation.
Thus, this work presents new results on how a single
node with delayed self-feedback is related to two nodes with
mutual delayed coupling.10 We note that our considerations
can be extended to more general network topologies, e.g.,
rings of unidirectionally coupled oscillators with delay.
Whether it can be extended to further network configurations
is an interesting question which would provide further
insights into the behavior of a chaotic network in terms of a
single unit.
A stricter mathematical proof of the equivalence
between configurations I and II in the discussed sense lies
beyond the scope of this manuscript. Such a proof is prob-
ably very challenging in the general case, since it would
need to address the behavior of the natural measure of the
two chaotic systems in the large delay limit and show a con-
vergence to the same limit. It might however be feasible to
show statistical equivalence for more simplified models, e.g.,
for simple chaotic maps like the Bernoulli map instead of a
delay differential system, as has been done for the case of
spatially extended systems.22
The influence of the boundary conditions is illustrated in
Fig. 3, where we plot the joint probability distributions of the
laser intensities pðIðtÞ; Iðtþ 2sÞÞ for configuration I and
pðI1ðtÞ; I2ðtþ sÞÞ for configuration II. We obtained Fig. 3 by
simulating the respective system in a long time interval
(½0; 104s) (after transients have died out). From this long
time-series, we sampled (with a time step of dt ¼ 2ns) two
data sets corresponding to I(t) and Iðtþ 2sÞ for the left plot
and I1ðtÞ and I2ðtþ sÞ for the right one, respectively. From
these two data sets, we calculated the bi-dimensional nor-
malized histogram using 100 bins for each axis. As shown in
Fig. 3, the characteristic distributions for configurations I
and II are very similar, even on the depicted logarithmic
scale, implying the boundary conditions in Eqs. (5) and (7)
are statistically equivalent.
This means, despite these differences in the precise defi-
nitions of the boundary conditions, the statistical properties
of the constructed time-series are exactly the same when the
delay time is large. Thus, in particular, time-series segments
FIG. 2. Construction of a new time-series by following the evolution of a
time-series segment of length s through the two mutually delay-coupled sys-
tems (conf. II).
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of length s have the same probability to occur in the original
configurations of two coupled systems with coupling delay s
and in the single system with delay time 2s. However, seg-
ments of constructed time-series longer than s present single
point discontinuities every s. While we find that these dis-
continuities do not alter the overall statistical equivalence
between the two configurations, the complete equivalence
between a laser with feedback and a time-series constructed
from two delay-coupled lasers is no longer rigorously valid
if segments longer than s are considered.
Figure 4 shows the spatio-temporal plots23 of the two
constructed time-series (the discontinuities are located on the
y-axis). In this spatio-temporal representation, the delay time
plays the role of a space variable, and subsequent s-segments
are plotted on top of each other.23 The spatio-temporal plots
in Fig. 4 show patterns that extend from one delay to the
next with a temporal drift. These characteristic spatio-
temporal patterns are identical in the two cases. This further
illustrates the equivalence of the reconstructed time-series.
By construction, the spatio-temporal patterns from the recon-
structed time-series both match the spatio-temporal patterns
of a single-laser with self-feedback with delay s.
As an additional illustration, we show in Fig. 5 the auto-
correlation functions of the two constructed time-series for
various feedback/coupling strengths. The autocorrelation
functions show a narrow peak at t¼ 0 and additional
correlation peaks at multiples of the delay time. As it
becomes evident in the insets of Figs. 5(a)–5(c), the autocor-
relation functions completely match in all cases. In fact, we
could not identify parameters within the chaotic regime for
which the correspondence in terms of the autocorrelation
function between time-series constructed from configura-
tions I and II does not hold.
The autocorrelation functions shown in Fig. 5 corre-
spond to time-series constructed from configurations I and II,
respectively. In contrast, the properties of one of the original
systems of configuration II are as follows, peaks occurring at
even multiples of s in Fig. 5 are the only ones present in the
corresponding autocorrelation function. The peaks at odd
multiples of s are not present since there is no loop of length
s in this configuration. In fact, the peaks at odd multiples of
s appear in the cross correlations of the two elements in con-
figuration II.24
For delays sufficiently larger than the RO period, the
constructed time-series from configurations I and II illustrate
FIG. 3. Joint probability distributions of the intensities pðIðtÞ; Iðtþ 2sÞÞ for
configuration I (left) and pðI1ðtÞ; I2ðtþ sÞÞ for configuration II (right).
Darker colors indicate a higher density of occurrences in a logarithmic scale.
FIG. 4. Spatio-temporal representation of the constructed time series (e.g.,
y1) from (top) the single laser with self-feedback (configuration I) and (bot-
tom) the two coupled lasers (configuration II). s ¼ 2ns. The intensity of the
lasers is coded in a linear gray-scale, with darker colors indicating larger
intensities.
FIG. 5. Autocorrelation function of the constructed time-series of configura-
tion I (black) and configuration II (red) for (a) c ¼ 20 ns1, (b) c ¼ 40 ns1,
and (c) c ¼ 60 ns1. The autocorrelation for configuration II is shifted up for
easier comparison. Insets show a zoom of the (unshifted) autocorrelation
peaks at time shift 2s, with (black) circles for configuration I and (red) dia-
monds for configuration II.
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that the shape and position of the autocorrelation peaks only
depend on the number of times that each s-interval passes
through a nonlinearity and the time between consecutive
s-intervals. This explains the scaling relation found by Van
der Sande et al.9 for rings of unidirectionally coupled oscilla-
tors with delay.
We provide significant evidence of the similarities
between constructed time-series originating from a delayed
feedback system and from a delay-coupled system. This also
has implications for the long-standing question on how the
time-series of the two delay-coupled lasers configurations
compare to each other with respect to dimensionality and en-
tropy. The time-series of laser 1 and laser 2 in configuration
II relates to the evolution of consecutive delay-segments in a
laser with feedback. These similarities between time-series
from a delayed feedback system and from a delay-coupled
system suggest that the configurations I and II have a similar
dimensionality given they have the same overall delay. The
entropy, since it is a rate, is expected to be double in configu-
ration II as there are two statistically equivalent entropy sour-
ces for the same overall delay. As shown in Fig. 6(a), we
have numerically checked that, in the long delay limit, the
Kaplan-Yorke dimension of the single laser with delay feed-
back 2s is similar to that one of the two coupled lasers system
with coupling delay s. Furthermore, we have verified that the
Kolmogorov-Sinai entropy of the laser with delay feedback
2s is half the entropy of the two coupled lasers system with
coupling delay s (overall delay 2s) as illustrated in Fig. 6(b).
The estimates of the Kaplan-Yorke dimension and the
Kolmogorov-Sinai entropy require the prior computation of
the spectrum of Lyapunov exponents.25 Complementary, in
the case of two delay-coupled lasers with self-feedback, the
particular dependence of the entropy and complexity meas-
ures on the coupling strength has been reported in Ref. 26.
In the following, we analyze whether configurations I
and II allow for the generation of identical trajectories in
addition to having identical statistical properties. To that
end, we need to prepare both configurations in a control state
with the same initial history and initial conditions. By divid-
ing the 2s-history of conf. I into two s-pieces, we can prop-
erly set the initial history in both configurations.
Additionally, we can prepare laser 1 in conf. II with the
same initial value of the laser in conf. I. However, we have
no defined value for the initial condition of laser 2 in conf.
II. This will inevitably cause a discontinuity in the time-
series generated from conf. II. As discussed below, the dis-
continuity in the time-series generated from conf. II will
result in divergent trajectories after a certain time so that tra-
jectories identical to conf. I cannot be generated.
In the chaotic regime, there are two qualitatively differ-
ent behaviors in the trajectories constructed from configura-
tions I and II when the systems are prepared in a control
state. These two behaviors are related to the notion of weak
and strong chaos.27,28 Figure 7 depicts the different behavior
in these two regimes. A single laser subject to delayed feed-
back is simulated with the same history function, i.e., the
same incoming drive, but two different initial values (red/
black). In the weak chaotic regime (panel a), the difference
in initial conditions quickly decays and the response to the
drive (the history) is the same after a short transient.
However, the two trajectories start to diverge after a number
of round-trips due to the perturbation produced by the differ-
ent initial conditions (not shown). In contrast, if the dynam-
ics is in the strong chaotic regime (panel b), the difference in
initial conditions leads to two completely different responses
instantly, despite the same drive.
This has the following implication: The perturbation
produced by the discontinuity in conf. II grows in the length
scale of s for weak chaos, i.e., the trajectories will eventually
diverge after a sufficiently large number of round-trips, while
the perturbation grows within one s-segment for strong chaos
and the trajectories start to diverge immediately. In sum-
mary, the trajectories constructed from configurations I and
II diverge in two different time-scales depending on the par-
ticular chaos regime the lasers are operating in. While the
strong and weak chaos regimes have a major influence on
the synchronization properties of coupled lasers,27 our results
hold for both chaos regimes. The joint intensity probability
distribution, as illustrated in Fig. 3, remains constant for a
given parameter set. This is also the case for the strong chaos
regime. Therefore, the joint intensity probability distribution,
which represents the response of the laser to an incoming
drive (delayed self-feedback or coupling from another laser),
is a relevant signature of the chaotic attractor.
We have shown that the statistical properties of the dy-
namics of a single laser with feedback, but not the exact tra-
jectories, can be recreated by concatenating time-series
FIG. 6. (a) Kaplan-Yorke (K-Y) dimension and (b) Kolmogorov-Sinai (K-S)
entropy for configurations I (grey solid line with squares) and II (black
dashed line with circles) as a function of the overall delay time.
FIG. 7. Evolution of laser intensity over one delay interval with identical
history but different initial conditions. (a) Consistent case (weak chaos); (b)
inconsistent case (strong chaos).
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originating from a coupled system. Conversely, the same sta-
tistical properties of a laser in a mutually coupled configura-
tion can be reconstructed from the dynamics of a laser with
feedback with delay 2s. The constructed time-series would
then be created by concatenating 2s-intervals of the laser
with feedback in the range t ¼ ½0; 2s½, t ¼ ½4s; 6s½, … The
autocorrelation of the time-traces created following this pro-
cedure would then only show the peaks at even multiples of
the delay time in Fig. 5.
Finally, we note that we have numerically checked that
our considerations also hold for various parameter sets of
Ikeda and Mackey-Glass oscillators in the chaotic regime
and long delays.
III. CONCLUSION AND OUTLOOK
We have presented strong numerical evidence indicating
that chaotic time-series originating from systems with
delayed self-feedback and delayed coupling have identical
statistical properties over any given interval of length smaller
than the delay. Thus, one cannot distinguish between the two
time-series when only looking at segments of length smaller
or equal than s.
Moreover, we provide a construction scheme generating
two new time-series from the two configurations. By concat-
enating segments of length s, such that two consecutive seg-
ments in the constructed time-series have passed through the
same number of nonlinear elements, new time-series are
obtained. Using this construction, we show that the gener-
ated time-series are statistically indistinguishable.
Although the underlying chaotic attractors of the two
configurations are different, the projections of the attractors
that correspond to the constructed time-series are equal.
These constructed time-series allow to infer the relationship
between the dimensionality and entropy of the original sys-
tems. The entropy of the two delay-coupled lasers is twice
the one of the single laser with delayed self-feedback, while
the dimensionality of both systems is almost identical. How
the attractor topology of the two configurations differs in
detail remains an open question.
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